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GEOMETRIC REDUCTIONS OF ABS EQUATIONS ON AN
n-CUBE TO DISCRETE PAINLEVE´ SYSTEMS
N. JOSHI, N. NAKAZONO, AND Y. SHI
Abstract. In this paper, we show how to relate n-dimensional cubes on
which ABS equations hold to the symmetry groups of discrete Painleve´
equations. We here focus on the reduction from the 4-dimensional cube
to the q-discrete third Painleve´ equation, which is a dynamical system
on a rational surface of type A
(1)
5
with the extended affine Weyl group
W̃((A2+A1)(1)). We provide general theorems to show that this reduc-
tion also extends to other discrete Painleve´ equations at least of type
A.
1. Introduction
We present a geometric method to obtain discrete Painleve´ equations from
higher-dimensional integrable discrete systems. Geometrically, symmetry
groups of discrete Painleve´ equations are affine Weyl groups, orthogonal
to the divisor class of their initial value space in the Picard lattice [20,
23]. Higher dimensional discrete integrable systems arise from an entirely
different geometric point of view, namely as multi-dimensionally consistent
quad-equations embedded on a hypercube (we refer to the n-dimensional
hypercube as the n-cube) [18, 1, 2].
Previous studies in the literature have performed reductions of such equa-
tions via methods suited to specific examples [17, 9, 13, 10, 8, 21, 11, 22]. In
particular, the identification of the reduced system has been mainly achieved
by comparing or transforming it to known forms of the discrete Painleve´
equations. It has been shown for systems such as the KP hierarchy and UC
hierarchy that reduction from a higher-dimensional setting is more natural
[15, 24, 27, 26]. We demonstrate here that it is indeed also the case for
the higher-dimensional quad-equations consistent on the cube by providing
a general geometric construction.
Multi-dimensionally consistent equations, with copies of the same equa-
tion holding on each face of a 3-cube (a symmetric 3-cube), were classified
by Adler et al. [1]. This is often referred to as consistency around the cube
property. The results can be naturally extended to a symmetric n-cube
and are called ABS equations. Boll [4] extended ABS equations to asym-
metric 3-cubes, where equations on different faces may differ [3, 6]. These
results were further extended to 4-dimensional cubes with the exception of
asymmetric systems that incorporate H6-type equations [6].
In this work, we construct a 4-dimensionally consistent system that does
incorporate H6-type equations and show that the geometrical nature of the
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construction gives us naturally the symmetry of its periodically reduced
systems, not limiting to only reductions on 2-dimensional lattice. We show
explicitly the relation of its reduced systems to the q-Painleve´ equations on
A
(1)
5 -surface of Sakai’s classification.
Our main idea comes from the identification of the orthogonal projection
of an n-cube in Rn with the Voronoi cell of the (n − 1)-dimensional root
lattice of type An−1. In particular, we describe the dynamics of multi-
dimensionally consistent quad-equationsi on the n-cube in the cubic lattice,
Z
n, by using the translations of Voronoi cells in the weight lattice of the
extended affine Weyl group W̃(A(1)n−1). For conciseness, we state our main
results here without providing details of the proofs. Details will be given in
a subsequent paper.
This work is motivated by our previous findings [14], where quad-equations
were observed on what is called the ω-lattice, constructed from the τ -
function theory of the A
(1)
5 -surface q-Painleve´ system. The present paper
begins at the other end of the story with quad-equations on an n-cube. We
travel the other way to show how to construct higher-dimensional integrable
systems from which q-Painleve´ systems and extensions can be obtained along
with their full parameters.
The plan of the paper is as follows. In Section 2, we state the main idea of
the n-cube, the Voronoi cell of the root lattice An−1 and the quad-equations
on an n-cube in Theorems 1 and 2. We give an explicit example for the case
n = 3. We show how to obtain the symmetry of (1,1,1)-periodically reduced
quad-equations on a symmetric 3-cube. This information is then used in
the next section as the part of construction of a system of quad-equations
on an asymmetric 4-cube. In Section 3, we construct an asymmetric system
of consistent quad-equations on a 4-cube by fitting eight 3-cubes in a self-
consistent way. In Section 4, we show how to obtain A
(1)
5 -surface q-Painleve´
system by imposing a (1,1,1)-periodic condition along a symmetric 3-cube
inside of the asymmetric 4-cube. We give also the subcase of the (1,1,1)-
periodic condition, namely the (2,1) periodic reduction. The latter example
shows that our geometric approach on a higher dimensional setting includes
periodic-type reductions on a 2D lattice approach. Finally, the paper ends
with a conclusion.
2. The n-cube and the Voronoi cell of the root lattice An−1
We first recall some notations and definitions needed to describe our re-
sults. The root lattice An−1 is the Z-span of the simple roots ρi = ǫi − ǫi+1,
1 ≤ i ≤ n − 1 of the root system of type An−1, the corresponding Weyl group
is W(An−1) = ⟨s1, ..., sn−1⟩ = Sn, where Sn denotes the symmetric group,
which acts by permuting the ǫi. The fundamental weights hi, 1 ≤ i ≤ n − 1
are defined by the inner product (hi, ρj) = δij .
For systems of type An−1, the fundamental weights are defined by
hk = (ǫ1 + ... + ǫk) −
k
n
n
∑
i=1
ǫi, 1 ≤ k ≤ n − 1. (2.1)
iWe use the term quad-equation throughout the paper to describe partial difference
equations that relate the values of the solution on the vertices of a quadrilateral.
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The weight lattice of type An−1 is the Z-span of the fundamental weights
P (An−1) = Z{h1, ..., hk}. The Voronoi cell V (0) is the convex hull of
{wS} = ⋃
0≤k≤∣S∣;w∈Sn
w(hk), (2.2)
where S ⊆ {1, ..., n} and we have set hn = h0 = w0 = 0. V (0) tessellates
P (An−1) by translations [16, 7]. The highest root of the root system of type
An−1 is
ρ˜ =
n−1
∑
i=1
ρi = h1 + hn−1, (2.3)
where ρi are the simple roots. The extended affine Weyl group W̃(A(1)n−1)
has generators ⟨s0, s1, ..., sn−1, π⟩, which satisfy the following relations:
s2i = 1, (sisi+1)3 = 1, (i ∈ Z/nZ) (2.4a)
πn = 1, πsi = si+1π. (2.4b)
The generators of the finite Weyl group si, 1 ≤ i ≤ n−1 act on hi to give the
W-orbit of hi and
sihk = hk, j ≠ k, (2.4c)
and
π(hk) = hk+1, (k ∈ Z/nZ). (2.4d)
By definition [12]
s0(v) = sρ˜,1(v) = v − ((v, ρ˜) − 1) ρ˜, v ∈ Rn, (2.4e)
therefore we have
s0(hk) = hk for k ≠ 0, and s0(h0) = ρ˜ = h1 + hn−1. (2.4f)
The extended affine Weyl group can be represented as the semidirect
product of the finite Weyl group and the translation group corresponding
to the weight lattice W̃(A(1)n−1) = W(An−1) ⋉ P (An−1). Let Tj, 1 ≤ j ≤ n,
denotes translation in the j-th direction of the n-dimensional representation
of An−1 in R
n [19],
T1 = πsn−1...s1,
T2 = s1πsn−1...s2,
⋮ (2.4g)
Tn = sn−1...s1π,
Tn...T1 = 1. (2.4h)
The n-cube is a combinatorial object, which can be embedded in Rn as
follows: xS = ∑i∈S ǫi, where ǫi are the unit vectors of Rn and S ⊆ {1, ..., n}.
There is a unique vertex ξ, which is “furthest” from x0, being n steps away:
ξ = ∑ni=1 xi. The condition ξ = x0 is equivalent to the orthogonal projection
φ of the n-cube w.r.t ξ:
φ(xS) = v −
(xS , ξ) ξ
∥ξ∥ . (2.5)
Theorem 1. The convex hull of φ(xS), S ⊆ {1, ..., n}, is the Voronoi cell
V (0) around the origin of An−1 root lattice. That is, φ(xS) = wS.
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Theorem 2. The system of quad-equations
wS+ǫi
wS+ǫj
=
αiwS + αjwS+ǫi+ǫj
αjwS +αiwS+ǫi+ǫj
, S ⊂ {1, ..., n}, i, j ∉ S, 0 ≤ ∣S∣ ≤ n − 2, (2.6)
under the (1,...,1) periodic condition
Tn...T1wS = wS , (2.7)
is invariant under the symmetry group W̃(A(1)n−1), where S + ǫi refers to a
vertex on the n-cube, {wS} are the variables of the quad-equation, defined
on the vertices of V (0). The system of quad-equations (2.6) are known as
the H3δ=0 equation in the ABS classification. (For brevity we denote it here
by H3).
Furthermore, we have the following:
(1): Let aj =
αj+1
αj
, 1 ≤ j ≤ n−1, and define a0 = q α1αn , so that a0a1...an−1 =
q, where q is a constant. The reflection generators of the finite Weyl
group si , 1 ≤ i ≤ n−1, act on the variables of the quad-equations wS
by permuting the indices, and their actions on the parameters are
defined as follows:
si(aj) = aja−Aiji , 1 ≤ i, j ≤ n − 1, (2.8)
where Aij is the entry of the Cartan matrix of type An−1:
A = (Aij)n−1i,j=1 =
⎛
⎜⎜⎜
⎝
2 −1 0
−1 2 ⋱
⋱ ⋱ −1
0 −1 2
⎞
⎟⎟⎟
⎠
.
The actions of the translations on the parameters and the wS vari-
ables are defined by
Tj(wS) = wS+ǫj , Tj(ai) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ai/q, j = i
qai, j = i + 1
ai, j ≠ i, i + 1
, (2.9)
where i, j ∈ Z/nZ. This corresponds to the tessellation of Rn−1 by
translations of V (0) in the weight lattice.
(2): All of the 2n wS variables can be expressed in terms of the n
initial values which correspond to the fundamental weights hk, 0 ≤
k ≤ n−1 defined in Equations (2.1-2.2). The actions of the generators
π and s0 can be obtained from those of the finite reflections and
translations. In particular, from Equations (2.4g) and (2.8-2.9) we
have
π = T1s1...sn−1, (2.10)
and
π(ai) = ai+1,
π(hk) = hk+1, k ∈ Z/nZ, (2.11)
where action of π on the initial values hk is given by Equation (2.4d).
From Equation (2.4f) we see that the action of s0 on the initial
values hk, 1 ≤ k ≤ n− 1 are trivial except on h0, whose action can be
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derived from Equations (2.6) and (2.9):
s0(h0) = h0
hn−1 + h1/a0
hn−1 + a0h1
. (2.12)
Using the definition
s0 = π
−1s1π, (2.13)
we have
s0(an−1) = an−1a0,
s0(a0) = 1/a0, (2.14)
s0(a1) = a1a0.
Theorems 1 and 2 provide a general method for constructing systems of
multi-dimensionally consistent quadrilateral equations and simultaneously
provide the symmetry groups of its periodic reductions on an n-cube. We
call this method the “geometric reduction” of such quad-equations on an n-
cube. In the rest of this section we give an explicit application of Theorems
1 and 2 in the case n = 3.
2.1. W̃(A(1)2 ) symmetry of (1,1,1) periodically reduced quad-equations
on a symmetric 3-cube. For the case n = 3, x{1,2,3} are the 8 vertices of
the 3-cube: x0 = 0, x1 = ǫ1, x2 = ǫ2, x3 = ǫ3, x12 = ǫ1 + ǫ2, x13 = ǫ1 + ǫ3, x23 =
ǫ2 + ǫ3, x123 = ǫ1 + ǫ2 + ǫ3 = ξ.
The extended affine Weyl group of type A2 is W̃(A(1)2 ) = ⟨s0, s1, s2, π⟩,
with the relations
s2j = 1, (sjsj+1)3 = 1, (j = 0,1,2), (2.15a)
π3 = 1, πsj = sj+1π, (2.15b)
and translations Ti (i = 1,2,3)
T1 = πs2s1, T2 = s1πs2, T3 = s2s1π, T1T2T3 = 1. (2.15c)
W̃(A(1)2 ) has a representation in R3 as follows: the simple roots ρ1 = ǫ1 − ǫ2,
ρ2 = ǫ2− ǫ3, and the highest root is ρ˜ = ǫ1 − ǫ3. The two fundamental weights
h1 = w1, h2 = w12. Their respective W-orbits are: w1 = 13(2ǫ1 − ǫ2 − ǫ3),
s1(w1) = w2 = 13(−ǫ1+2ǫ2−ǫ3), s2s1(w1) = w3 = 13(−ǫ1−ǫ2+2ǫ3); w12 = 13(ǫ1+
ǫ2 −2ǫ3), s2(w12) = w13 = 13(ǫ1 −2ǫ2 + ǫ3), s1s2(w12) = w23 = 13(−2ǫ1 + ǫ2 + ǫ3).
The orthogonal projection φ, Equation (2.5) maps the 3-cube to the
Voronoi cell of A2, φ(x{1,2,3}) = w{1,2,3}:
φ(x1) = w1, φ(x2) = w2, φ(x3) = w3,
φ(x12) = w12, φ(x13) = w13, φ(x23) = w23,
and φ(x123) = w123 = w0 = φ(x0). Thus the orthogonal projection of the
3-cube gives the (1,1,1) “periodic condition”: w123 = w0 of the quad-
equations, which comes from the relation T1T2T3 = 1 of W̃ (A(1)2 ).
The fundamental simplex of A
(1)
2 lattice is the convex hull of w0,w1, w12,
i.e. an equilateral triangle F bounded by the reflection hyperplanes de-
scribed by the reflection generators ⟨s0, s1, s2⟩, and π acts by rotating anti-
clockwise 120○ around the barycenter of F . We obtain the Voronoi cell at
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the origin V (0) by applying reflections ofW(A2) to F , and we can cover the
whole 2-D plane by translating V (0) [19]. W(A2) is the symmetric group
S3 = {1, s1, s2, s1s2, s2s1, s1s2s1 = s2s1s2}, that is ∣S3∣ = 6.
From
V (0) = ⋃
w∈S3
wF, (2.16)
we see that V (0) is a hexagon made up of the union of six equilateral
triangles. See Figure 2.1.
The quad-equations on the 3-cube are the realizations of the reflections
in W(A(1)2 ):
s0(w0) = w112 =
w0(qαw1 + γw12)
γw1 + qαw12
(2.17)
s1(w1) = w2 =
w1(αw0 + βw12)
βw0 + αw12
(2.18)
s2(w12) = w13 =
w12(βw1 + γw0)
γw1 + αw0
, (2.19)
where w1, w12 and w0 are the 3 initial values of the system of quad-equations,
corresponding to the fundamental weights h1, h2 and h0. Define
a1 =
β
α
, a2 =
γ
β
, a0 =
qα
γ
, (2.20)
we have
si(aj) = aja−Aiji , 0 ≤ i, j ≤ 2, (2.21)
where Aij is the entry of the Cartan matrix of type A
(1)
2 :
A = (Aij)2i,j=0 =
⎛
⎜
⎝
2 −1 −1
−1 2 −1
−1 −1 2
⎞
⎟
⎠
.
The actions of π are:
π(w0) = w1, π(w1) = w12, π(w12) = w0, (2.22)
π(a0) = a1, π(a1) = a2, π(a2) = a0. (2.23)
Translations of W̃ (A(1)2 ) act on the vertices of the Voronoi cell by trans-
lating them in the directions along w1, w2 and w3. For example,
T1(w0) = w1,
T1(w1) = w11, (2.24)
T1(w12) = w112.
and actions on the parameters are
T1(a1) = a1/q, T2(a1) = qa1,
T2(a2) = a2/q, T3(a2) = qa2, (2.25)
T3(a0) = a0/q, T1(a0) = qa0.
We here see that the (1,1,1) reduction of the symmetric 3-cube with H3
equations results in a system with W̃(A(1)2 ) symmetry. It is known that the
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s2F
F
s2s1F
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w112
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É
É É
Figure 2.1. Voronoi cell of A
(1)
2 lattice, a hexagon.
full symmetry of the q-discrete Painleve´ equation associated with surface
type A
(1)
5 has W̃((A2 +A1)(1)) symmetry. In the next section we construct
the higher dimensional system, in particular, quad-equations consistent on
an asymmetric 4-cube. By reduction, this will give rise to exactly the q-
discrete Painleve´ equation with W̃((A2 +A1)(1)) symmetry.
3. Equations on an asymmetric 4-cube
To construct a 4-cube, we need four lattice directions l,m,n, k and four
lattice parameters α(l), β(m), γ(n), λ(k). Let the dependent variable be
x = x(l,m,n, k) and denote its shifts in each direction respectively by
x¯ = x1 = x(l + 1,m,n, k), (3.1a)
xˆ = x2 = x(l,m + 1, n, k), (3.1b)
x˜ = x3 = x(l,m,n + 1, k), (3.1c)
○
x = x4 = x(l,m,n, k + 1). (3.1d)
3.1. Symmetric 3-cube C312. We start with the H3 quad-equation (3.2a)
on a face of the 4-cube given by the l, n directions, where x = x(l, n),
x1 = x(l + 1, n), x3 = x(l, n + 1), x13 = x(l + 1, n + 1). We construct a
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symmetric system of equations (3.2a)–(3.2e) on a 3-cube by taking auto-
Ba¨cklund transformations of equation (3.2a):
Q(x,x1, x3, x13;α,γ) = xx3 + x1x13 − α/γ(xx1 + x3x13) = 0, (3.2a)
Q(x,x1, x2, x12;α,β) = 0, (3.2b)
Q(x,x3, x2, x23;γ,β) = 0, (3.2c)
Q(x1, x13, x12, x123;γ,β) = 0, (3.2d)
Q(x2, x12, x23, x123;α,γ) = 0, (3.2e)
where x2 denotes the auto-Ba¨cklund transformation of x with Ba¨cklund
parameter β. We denote this 3-cube by C312. See Figure 3.1a.
x3
x23
x13
x123
x
x2
x1
x12
Q
Q
QQ
Q
Q
(a) Symmetric 3-cube C312
x1
x14
x13
x134
x
x4
x3
x34
Q
Q
C ′C
A
A′
(b) Asymmetric 3-cube C134
Figure 3.1. Two types of 3-cubes C312 and C134 with dif-
ferent arrangements of equations on faces
.
In this system we have four initial values x, x1, x2, x3; and three quad-
equations (3.2a)–(3.2c), adjacent to the vertex x. Vertices x12, x13, x23 are
evaluated using the initial conditions and equations (3.2a)–(3.2c). x123 can
then be evaluated using equations (3.2d) and (3.2e). 3D consistency of the
system means that x123 evaluated by these three equations coincide. This
is true in n-dimensions, i.e., it is multi-dimensionally consistent and hence
it can be embedded on an n-cube. It is this remarkable fact we are going to
utilize in deriving discrete Painleve´ equations as periodic reductions on an
n-cube. However, note that multi-dimensional consistent systems are not
limited to systems with the same equation on all the faces.
3.2. Asymmetric 3-cube C134. Now consider a non-auto Ba¨cklund trans-
formation of (3.3a) giving rise to different equations on different pairs of faces
on the 3-cube. Here, we use Equations from Boll’s classification of asym-
metric 3-cubes [5] ((3.29)–(3.30) with δ2 = δ3 = 0). The 3-cube contains two
H4 type (H3) equations on the “Q” faces and four H6 type equations for
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the“A” and “C” faces.
Q(x,x1, x3, x13;α,γ) ∶= xx3 + x1x13 − α/γ(xx1 + x3x13) = 0, (3.3a)
A(x,x3, x4, x34; δ1) = xx4 + x3x34 + δ1xx3 = 0, (3.3b)
C(x,x1, x4, x14; δ1η1) = xx4 + x1x14 + δ1η1xx1 = 0, (3.3c)
A′ = A(x1, x13, x14, x134; δ1) = x1x14 + x13x134 + δ1x1x13 = 0, (3.3d)
C ′ = C(x3, x13, x34, x134; δ1η1) = x3x34 + x13x134 + δ1η1x3x13 = 0, (3.3e)
Q(x4, x14, x34, x134;α,γ) = 0, (3.3f)
where x4 denotes the non-auto Ba¨cklund transformation of x and η1 = α/γ.
The parameter δ1 initially is a function of l, m, n and k, to be specified by
the consistency conditions as we construct the 4-cube. Equations (3.3a)–
(3.3f) make up the six quad-equations consistent on an asymmetric 3-cube.
We denote this 3-cube by C134, see Figure 3.1b.
Note that in obtaining Equations (3.3d)–(3.3f) we have used
δ¯1 = δ1, δ˜1
α
γ˜
= δ1
α
γ
⇒
δ˜1
δ1
=
γ˜
γ
. (3.4)
Each of the above constructions can be repeated to obtain two more 3-
cubes labelled C214 and C324. C214 is obtained in the same way as C134 by
replacing subscript 3 with 2 everywhere, with the condition η2 = γ/β. C324
is obtained from C214 by replacing subscript 1 with 3 everywhere, with the
condition η3 = α/β. In obtaining these two 3-cubes, we have imposed the
following conditions
δ2 = δ3 = δ1
β
γ
, δˆ1 = δ1. (3.5)
Equations (3.4) and (3.5) imply that
δ1(n,k) = γ(n)K(k), (3.6)
where K is an arbitrary function of k.
We extend the above construction to four dimensions in the following
way. The cube C3124 is obtained by shifting C312 in the k direction, C1342
by shifting C134 in the m direction, C2143 by shifting C214 in the n direction
and C3241 by shifting C324 in the l direction. In summary, there are four
3-cubes adjacent to x(l,m,n, k), namely, C312, C134, C214 and C324 and four
3-cubes adjacent to x1234, namely C3124, C1342, C2143 and C3241. These four
3-cubes are all 3D consistent under the conditions (3.4) and (3.5). Hence,
we have eight three dimensionally consistent 3-cubes fitted consistently in a
4-cube. See Figure 3.2a.
The result contains two Ba¨cklund transformations, i.e., Equations (3.2e)
and (3.3f), of the equation on the bottom face of the 4-cube, namely Equa-
tion (3.2a). The permutability of these two Ba¨cklund transformations pro-
vides a system of 24 quad-equations, which can be embedded consistently
on the 24 faces of the 4-cube. By construction, the system of equations on
this 4-cube is four dimensionally consistent [6].
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x
x3
x2
x1
x23
x12
x13
x123
x34 x134
x234
x4
x124
x14
x1234
x24
(a) A 4-cube.
x
x3
x2
x1
x23
x12
x13
x123
x34 x134
x234
x4
x124
x14
x1234
x24
(b) The 3-cube C214 is shaded
pink and its tetrahedron equation
is on the red vertices. Equation
(3.10) holds on the face shaded
blue.
Figure 3.2. The colours red, blue, green and yellow denote
edges that are labelled by the same respective colours in Fig-
ure 3.1.
3.3. A (1,1,1)-reduction on the asymmetric 4-cube. We apply a pe-
riodic condition on the asymmetric 4-cube
ˆ˜¯x = −iλx, (3.7)
where λ is only a function of k and
○
λ = qλ. We call this a (1,1,1)-reduction
of the 4-cube. We have the following conditions on the lattice parameters in
the l, m, n directions: α¯/α = βˆ/β = γ˜/γ = q, which are solved by α(l) = eα1ql,
β(m) = eβ1qm, γ(n) = eγ1qn.
The periodic condition (3.7) enables us to evaluate x(l,m,n, k) at any
point in the lattice defined by the three directions l, m, n, using the initial
conditions x, x1, x2, x3 and the quad equations (3.2a)–(3.2c). To show
that the reduced 4-cube can be extended also in the k direction, i.e., we
can embed the reduced 4-cube in a four dimensional lattice, we derive the
expression relating iteration of x(l,m,n, k) in the k direction (i.e., x4) with
iterations in two of the l,m,n directions, (for example x1 and x2).
On the asymmetric 3-cube C214, shaded pink in Figure (3.2b), we have
six equations for its six faces:
Q(x,x1, x2, x12;α,β) = 0, (3.8a)
A(x,x2, x4, x24; δ3) = xx4 + x2x24 + δ1βγ−1xx2 = 0, (3.8b)
C(x,x1, x4, x14; δ3η3) = xx4 + x1x14 + δ1αγ−1xx1 = 0, (3.8c)
A′ = A(x1, x12, x14, x124; δ3) = x1x14 + x12x241 + δ1βγ−1x1x12 = 0, (3.8d)
C ′ = C(x2, x12, x24, x124; δ3η3) = x2x24 + x12x124 + δ1αγ−1x2x12 = 0, (3.8e)
Q(x4, x14, x24, x124;α,β) = 0. (3.8f)
From (3.2b), (3.8b) and (3.8e), we find
x12
x
x24
x12
x
x24
= 1 ⇒
(αx1 − βx2)(x124 + αKx2)
(βx1 −αx2)(x4 + βKx2)
= 1. (3.9)
(This follows from the tetrahedron property [1] and by “summing” the three-
leg forms of the equations on the faces adjacent to x2.) Moreover, from the
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face shaded blue in Figure 3.2b on which holds the equation for x12, x124,
x1234, and x123 we have another expression for x124:
x1234 = −
x12(x124 + γKx123)
x123
⇒ −iqλx4 =
x12(x124 − iλγKx)
iλx
, (3.10)
where we have used the periodic condition (3.7) in rewriting the last equa-
tion. Using (3.10) to eliminate x124 in (3.9), we finally have
x4 =
((−α2 + β2)x1x2 − ixγλ(αx1 − βx2))K
λ(βx1 −αx2)
. (3.11)
4. Relation to q-Painleve´ equations
In this section, we identify q-Painleve´ equations from the (1,1,1)-reduction
of the 4-cube described in §4. Observing that the reduction collapses the
3-cubes C312 and C3124 in Figure 3.2b to two copies of a hexagon, which
can be extended everywhere in the triangular lattice, we find the affine
Weyl group W̃(A(1)2 ). But the fourth direction relating the two 3-cubes
provides us with an extra direction that leads to a lattice with Affine Weyl
symmetry group W̃((A2 +A1)(1)), which is the full symmetry group of the
A
(1)
5 -surface q-Painleve´ equation. A sub-case of the (1,1,1)-reduction leads
us to the symmetric version of this equation, which is often called the second
q-discrete Painleve´ equation (q-PII ).
Define
x(l,m,n, k) = (−1) 12 (l+m+n+k)λm+
β1
lnqω(l,m,n, k), (4.1)
then the periodic condition ˆ˜¯x = −iλx implies
ˆ˜¯ω = ω. (4.2)
On letting K = λ−1(qλ2 − 1), βα−1 = a1, αγ−1 = q−1a0 and γβ−1 = a2, our
q-periodically reduced system on the asymmetric 4-cube is exactly the ω-
lattice constructed from the τ -function frame work of A
(1)
5 -surface q-Painleve´
system [14]. Results from [14] are reproduced in Appendix A to show that
iterations of ω in the l,m,n and k direction give rise to the affine Weyl group
W̃((A2 +A1)(1)).
Figure 4.1 shows the vertices of the 4-cube now relabeled in ω variables.
The quad-equations on the faces adjacent to ω are:
λ ˆ¯ω
ω
=
αω¯ − βλωˆ
−βω¯ +αλωˆ (4.3a)
¯˜ω
ω
=
αω¯ − γω˜
−γω¯ +αω˜ (4.3b)
λ ˆ˜ω
ω
=
βλωˆ − γω˜
−γλωˆ + βω˜ (4.3c)
○
ω¯
ω
=
αK
β
+
○
ω
ω¯
(4.4a)
○
ωˆ
ω
=
K
qλ
+
○
ω
qλ2ωˆ
(4.4b)
○
ω˜
ω
=
Kγ
β
+
○
ω
ω˜
(4.4c)
The expression relating ○,¯andˆdirections is given by transforming Equa-
tion (3.11) to ω variables:
○
ω =
λ ((−α2 + β2)ω¯ωˆ − γω(αω¯ − βλωˆ))K
β(−1 + qλ2)(βω¯ − αωˆ) . (4.5)
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ω
ω˜
ωˆ
ω¯
ˆ˜ω
ˆ¯ω
¯˜ω
ˆ˜¯ω
○
ω˜
○
¯˜ω
○
ˆ˜ω
○
ω
○
ˆ¯ω
○
ω¯
○
ˆ˜¯ω
○
ωˆ
Figure 4.1. Figure 3.2 relabeled in ω coordinates.
Using the fact ˆ˜¯ω = ω, we see that the inner 3-cube in Figure 4.1 collapses
to a hexagon, and similarly for the outer 3-cube using
○
ˆ˜¯ω =
○
ω. Iterations of
these provide two copies of the triangular lattice drawn in Figure 4.2.
○
ω
○
ω¯
○
ωˆ
○
ω˜
○
ˆ˜ω
○
ˆ¯ω
○
¯˜ω
ω ω¯
ωˆ
ω˜
ˆ˜ω
ˆ¯ω
¯˜ω
ˆ¯ˆω
ω¯
Figure 4.2. 2 Hexagons from the outer and inner 3-cubes
on (A2 +A1)(1) lattice
Every vertex on the lower triangular lattice in Figure 4.2 can be calculated
from the four initial conditions ω, ω¯, ωˆ, ω˜, using the three quad-equations
(4.3a)–(4.3c). (Vertices ˆ¯ω, ¯˜ω and ˆ˜ω are calculated using (4.3a), (4.3b) and
(4.3c) respectively.) Equation (4.5) provides a link between the upper and
lower triangular lattices. In this way, we find that the iteration in the ○
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direction (or k direction) provides layers of triangular lattices. See Figure
(4.2).
Without the (1,1,1)-periodic condition, the H3 system cannot be em-
bedded into the layered triangular lattice which has affine Weyl symmetry
W̃((A2 + A1)(1)), which we call here (A2 + A1)(1) lattice. So the system
provided above is a reduction of the H3 system on a 4-cube. To show that
the reduced 4-cube system is indeed q-Painleve´ system on A
(1)
5 -surface, we
define:
f =
ω¯
ˆ¯ω
, g = λ
ˆ¯ω
ω
(4.6)
and find their shifts in the¯ direction, i.e., f¯ = ω¯/ ˆ¯ω, g¯ = λ ˆ¯ω/ω¯. For ˆ¯ω, we
use (4.3b), shifted one step in ¯ and one step in ,ˆ along with the periodic
condition (4.2). For ω¯, we shift (4.3a) one step in .¯ These provide
ˆ¯ω =
qαωω¯ + γω ˆ¯ω
γω¯ + qαωˆ , ω¯ =
βλω¯ ˆ¯ω + qαλ2 ˆ¯ω ˆ¯ω
qαω¯ + βλ ˆ¯ω
. (4.7)
Thus we have
g¯ =
λ2(1 + ft)
fg(f + t) , f¯ =
λ2(1 + ag¯t)
f g¯(g¯ + at) , (4.8)
where we have let
t = qα/γ, a = γ/β (4.9)
and t is the independent variable of the q-Painleve´ equation and a is a
parameter. The system (4.8) is the third q-discrete Painleve´ equation (q-
PIII ) [23].
The triangular lattices in Figure 4.2 also provide a direct way of con-
structing the Ba¨cklund transformations of system (4.8). For translation in
the ○ direction for g and f we have
○
g = qλ
○
ˆ¯ω/ ○ω and
○
f =
○
ω¯/
○
ˆ¯ω. For
○
ˆ¯ω we use
the equation on the face containing ˆ˜¯ω, ˆ¯ω,
○
ˆ¯ω,
○
ˆ˜¯ω and the periodic condition
(4.2). These lead to
○
ˆ¯ω = ω
⎛
⎝−
Kγ
qβ
+
○
ω
ˆ¯ω
⎞
⎠ . (4.10)
Using (4.5), (4.10), and (4.4a) we have:
○
g =
q(fgq + aft + a)
g(fgq + aft + aqλ2) ,
○
f =
q(fg + aftλ2 + aλ2)
f(fgq + aft + a) , (4.11)
which describe the Ba¨cklund transformation of f and g, also known as the
fourth q-discrete Painleve´ equation (q-PIV ).
4.1. (2,1) staircase reduction. We now explain how different types of
staircases taken on a two-dimensional square lattice are actually sub-cases of
the geometric reduction on the n-cube. We demonstrate this by investigating
the only sub-case of the reduction considered in the previous section.
Let l = n, α = γ, (i.e.,¯=˜) then the (1,1,1)-periodicity ˆ˜¯ω = ω becomes the
(2,1)-periodicity
ˆ¯ω = ω. (4.12)
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System (4.3a)–(4.4c) reduces to one equation, i.e. Equation (4.3a) with the
condition α¯/α = βˆ/β = q2. Using the same definition (4.6) for f and g, and
(4.9) for t and a, we find
g¯ =
λ2
gf
, f¯ =
g(atg¯ + 1)
λ(g¯ + at) , (4.13)
which can be rewritten as a single equation for g
g¯ =
λ3(g¯ + at)
g¯g(atg¯ + 1) . (4.14)
The resulting equation is the symmetric version of q-PIII (4.8), usually re-
ferred to as q-PII . This correspondence between (1,1,1) and (2,1) re-
ductions can be explained by projective reduction from the viewpoint of
ω-lattice [14].
5. Conclusion
In this paper, we provided a new method called “geometric reduction”
that relates ABS equations to discrete Painleve´ equations. The method
relies on the identification of an n-cube with the Voronoi cell of the root
lattice of W(An−1). As an example, we constructed a q-Painleve´ equation
from an asymmetric system based on the H3 and H6 type equations on
a 4-cube and provided the reduction to its symmetric form as its 2D sub-
case. We also answered here a question posed at the end of [22] whether
a gauge transformation (4.1) can be explained by the symmetry. It turns
out to be the W(A(1)1 ) part of the full symmetry of the Painleve´ system
associated with rational surface of type A
(1)
5 , i.e., its Ba¨cklund transforma-
tion. Ba¨cklund transformations of the discrete Painleve´ equation arise as a
natural by-product of our construction. Obtaining other structures related
to integrability, such as Lax pairs, is also possible and will be reported in
a separate paper. An interesting future direction is to extend our method
to other types of discrete Painleve´ equations classified by Sakai [23], and
moreover to understand its relations with other types of higher dimensional
integrable systems [15, 24, 25].
Acknowledgement. The authors would like to express their sincere thanks
to Drs. J. Atkinson, P. Kassotakis and P. McNamara for inspiring and
fruitful discussions.
Appendix A. The generators of W̃((A2 +A1)(1)) and the
triangular lattice
The affineWeyl group W̃((A2+A1)(1)) is generated by s0, s1, s2, π,w0,w1, r,
which are transformations of parameters and variables that satisfy the fun-
damental relations
si
2
= (sisi+1)3 = π3 = 1, πsi = si+1π, (i ∈ Z/3Z), (A.1)
w0
2
= w1
2
= r2 = 1, rw0 = w1r. (A.2)
Here, the action of W̃ (A(1)2 ) = ⟨s0, s1, s2, π⟩ and that of W̃ (A
(1)
1 ) = ⟨w0,w1, r⟩
commute. Full details of how to construct this affine Weyl group from the
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ω-lattice can be found in [14], with the identification ω = ω0. Here we point
out how this construction can be related to the triangular lattice shown in
Figure 4.2.
Define the translations Ti (i = 1,2,3,4) by
T1 = πs2s1, T2 = πs0s2, T3 = πs1s0, T4 = rw0, (A.3)
where Ti (i = 1,2,3) are translations of W̃ (A(1)2 ) and T4 is a translation of
W̃ (A(1)1 ). We connect these generators to the triangular lattice in Figure
4.2 by identifying
T1 ∶ (a0, a1, a2, λ) → (qa0, q−1a1, a2, λ) ⇔ ¯ ∶ l ↦ l + 1,
T2 ∶ (a0, a1, a2, λ) → (a0, qa1, q−1a2, λ) ⇔ ˆ∶ m↦m + 1,
T3 ∶ (a0, a1, a2, λ) → (q−1a0, a1, qa2, λ) ⇔ ˜∶ n↦ n + 1,
T4 ∶ (a0, a1, a2, λ) → (a0, a1, a2, qλ) ⇔ ○ ∶ k ↦ k + 1.
The periodicity condition ˆ˜¯ω = ω corresponds to the relation T1T2T3 = 1 of
W̃ (A(1)2 ).
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